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Reynolds experiment in 1883

The state of the flow is determined
by a dimensionless constant called
Reynolds number:

Re = pLU/u

where p density, L diameter, U ve-
locity, u viscosity.
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Figure: Reynolds experiment
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Mathematical model

Navier-Stokes equations:

dtv—-vAv+v-Vv+VP =0 in Ry XxQ,
(NS) {V-v=0 in RyxQ,
v=0 on 09,

where v is the velocity, P is the pressure, and v = Re™ " is the
viscosity coefficient.

Fluid domain Q:
@ Channel domain:

Q= {(x,y,z) :xeTorR,zeT, ye (—1,1)}.

@ Pipe domain:

Q:{x:(x,y,z):r: VX2 +y2 <1, ze"ﬂ“orze]R}.
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Examples of laminar flow

@ Plane Couette flow: (y,0,0)

@ Pipe Poiseuille flow:(0,0,1 - r?)

Our task is to study the stability and instability of laminar flows
at high Reynolds number.
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Eigenvalue analysis

Consider the linearized NS system around the laminar flow:
diu— L,u=0.
Seek the solution e*U, where U solves the eigenvalue problem:
L,U=AU.

The system is stable if ReA < 0 and unstable if ReA > 0.

@ Plane Couette flow: stable for any Reynolds number(Romanov,
Funk. Anal. 1973).

@ Plane Poiseuille flow: stable for Reynolds number less than
5772(Orszag, JFM 1971).

@ Pipe Poiseuille flow: stable at high Reynolds number(chen-
Wei-Zhang, CPAM online).
Conjecture: Pipe Poiseuille flow is stable for any Reynolds number.
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Subcritical transition

Experiment and numerical simulation indicated that these flows
could transit to turbulence when Reynolds number exceeds a
certain critical number. For example,

@ Plane Couette flow: transition at Re = 350.
@ Plane Poiseuille flow: transition at Re = 1000.

This transition number is much smaller than the critical num-
ber predicted by eigenvalue analysis. This kind of transition
is called subcritical transition(Sommerfeld paradox). Under-
standing this transition mechanism is of great interest in fluid
mechanics.
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Transition threshold problem

To shed some light on the transition mechanism, Trefethen et
al(Science 1993) proposed Transition threshold problem:

How much disturbance will lead to the instability of the flow and the
dependence of disturbance on Reynolds number?

Mathematical formulation(Bedrossian-Germain-Masmoudi, BAMS 2019):

Given a norm || - ||, find a p = B(X) such that

llullx < Re™® = Stability,

lluollx > Re™ = Instability.

The exponent j is referred to as the transition threshold.
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Numerics and asymptotic analysis results

The following table shows numerical result (Lundbladh et al, Transition,
Turbulence and Combustion 1994) and asymptotic analysis result (Chap-
man, JFM 2002) for Couette flow and Poiseuille flow:

Laminar flow | Perturbation | Numerical analysis | Asymptotic analysis
streamwise
Coustte perturbation p=1 p=1
flow -
oblique _5 =1
perturbation p=3 o
- streamwise _ 7 _ 3
Poiseuille perturbation B=1 =3
flow -
oblique 7 _5
perturbation F=1 p=3
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Mathematical analysis results

3-D Couette flow in Q =T xR x T:

@ If X is Gevrey class, then < 1(Bedrossian-Germain-Masmoudi, Mem
AMS 2021).

o If X = HN, then g < 3(Bedrossian-Germain-Masmoudi, Ann Math 2017).
@ If X = H?, then B < 1(Wei-Zhang, CPAM 2021).

3-D Couette flow in Q =T x [-1,1] x T:
@ If X = H?, then B < 1(Chen-Wei-Zhang, Mem AMS in press).
3-D Kolmogorov flow in Q = To;s X T X T,0 < 1:

o If X = H?, then B < Z(Li-Wei-Zhang, CPAM 2020).
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Key factors influencing the threshold

The following factors play a crucial role in determining the tran-
sition threshold:

@ 3-D lift-up: instability mechanism.

@ Boundary layer: wall modes and also central modes for

the Poiseuille flow.

@ Inviscid damping: vorticity mixing

@ Enhanced dissipation: vorticity mixing

@ Null structure of nonlinear terms

The main difficulty of this problem is to reveal how these bad
effects and good effects influence nonlinear stability via complex
nonlinear interactions.
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Linear inviscid damping

Consider the linearized 2-D Euler equation around shear flow
(U(y),0) in a finite channel:

diw+ Lw =0,
where w = dxv? — d,v! is the vorticity and
L= U(y)ox + U"(y)ox(-1)".
In particular, for the Couette flow, we have
diw + ydxw = 0.

In 1907, Orr found that the velocity could decay to zero as t —
oo. This phenomenon is so called inviscid damping, which is
similar to Landau damping in plasma physics.
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Linear inviscid damping: monotone flow

Theorem. (Wei-Zhang-Zhao, CPAM 2018)

Let U(y) € C*([0,1]) be a monotone function. Assume that
the linearized operator £ has no embedding eigenvalues. If
fmwo(X, y)dx = 0 and Pgwo = 0, where Py is the spectral pro-
jection to 04(L), then it holds that

1. if wo(x, y) € Hy'H}, then
IV(B)llz < G4t lwollpy 1y

2. if wo(x, y) € Hy' H2, then

IVE(Dllz < Gt Ellwollpg 1.

<

Remark.The spectral assumption holds automatically when the flow
has no inflection points.
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Linear inviscid damping: symmetric flow

Consider a class of symmetric flow(Poiseuille flow y? ):
U(y) = U(-y), U(y) >0 for y >0, U'(0) =0and U”(0) > 0.

Theorem.(Wei-Zhang-Zhao, Ann PDE 2019)

Assume that £ has no embedding eigenvalues.
If [ wo(x,y)dx =0 and Pgwo = 0, then it holds that

IV(D)ll 2 < GO llawolly vz,

IV (D)l < CCOYllawollyprzye.

v

Remark. For general non-monotone shear flows, we can prove linear
inviscid damping in the sense of |[V(-, a, -)||L3y < C foranya # 0.
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Linear inviscid damping: Kolmogorov flow

Consider the Kolmogorov flow U(y) = siny or cosy in Q =
{(x,y) : X€T2n6,y€T} with 6 < 1.

Theorem.(Wei-Zhang-Zhao, Adv Math 2020)

If [ wo(x,y)dx = 0, then it holds

IV(D)llLe < CCAY lwollyv24y

V()2 < C<t>_2||w0||,_,;/2,_,5-

Remark. For non-monotone shear flows, except the vorticity mix-
ing, a new dynamical phenomenon called vorticity depletion (Bouchet-
Morita, Physics D 2010) has a crucial effect:

tlim w(t,x,y.) =0 when U'(y:) =0.

See [Wei-Zhang-Zhao, Ann PDE 2019] for rigorous proof.
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Linear inviscid damping: methods of the proof

The key ingredient of the proof is to solve the inhomogeneous
Rayleigh equation: for ¢ = ¢; = ie, ¢, € RanU,e > 0

(U=c)(d” —a?d)-U"d=F, &(-1)=d(1)=0.

@ Direct method(Wwei-zhang-zhao, CPAM 2018): construct linearly
independent solutions for homogeneous Rayleigh equation.

@ Compactness method(wei-zhang-zhao, Ann PDE 2019):

PlH1 1,1y < ClFllH1(-1,1)-

Contradiction-compactness argument and blow-up analysis
near critical points of U(y).

@ Vector field method(wei-zhang-zhu, cMP 2020):

[at"‘Uax,X] :0, X: _3y+t8)(
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Nonlinear inviscid damping

Nonlinear inviscid damping in Gevrey class 2:

@ Couette flow(Bedrossian-Masmoudi, Publ Math IHES 2015)
@ Stable monotone shear flow(lonescu-Jia, arXiv 2020 Acta Math)
@ Stable monotone shear flow(Masmoudi-zhao, arXiv 2020)

Negative results:
@ Existence of steady non-shear solution near Couette flow in
Sobolev space(Lin-zeng, ARMA 2011).

@ Nonlinear instability in Gevrey class 2+(Deng-Masmoudi, arXiv
2018 CPAM).
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Linear enhanced dissipation

The linearized 2-D NS equation around Couette flow:
diw —vAw + ydxw =0, w(0) = wo.

If x e T and y € R, then we have
St k) = e-vfo’(k2+(n—m)2)d¢50(k/ ).

Due tof0 (k2 + (n— kt)?)dt > ck?t3, if [ wo(x,y)dx = 0, then

1
—cv3
llw(t)ll 2 < Ce " Ywgl| 2.

This decay rate V3 is much bigger than the diffusion rate v. This
phenomenon is so called enhanced dissipation.
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LInear enhanced dissipation

The linearized 2-D NS equation around Kolmogorov flow:
drw + L(ho =0, (0) = wo,

where
L,(t) = —vA + cosydy(1 + A7),

Beck and Wayne’s conjecture(rroc Roy Soc Edinburgh Sect A 2013):
If fm wo(X,y)dx = 0 and 6 < 1, then it holds that

1
—cv2
lo(t)lle < Ce™"*Mlwoll.z.
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Linear enhanced dissipation

Three approaches solving Beck and Wayne’s conjecture:

1. Wave operator method(wei-zhao-zhang, Adv Math 2020): con-
struct a wave operator D so that

D cosy(1 + (8)2, - az)'1)a) = cos yDw.
2. Resolvent estimate method (Li-wei-zhang, CPAM 2020):
. 11 -
I(Ly = id)wli2 = Cv2Il2(1 = B2)lIWll2,

where || > 1 and

Lw= —va}z,w +ip cosy(W + (P), (3}2/ - 52)(P =w.

Enhanced dissipation estimate by Gearhart-Priss type lemma
for m-accretive operator(wei, SCM 2020).
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Linear enhanced dissipation

3. Hypocoercivity method(wei-zhang, SCM 2019):
diw + v(—a§ +p?)w - ifBw =0, B = cos y(1 + (8}2, - ﬁz)_1).
The key idea is to introduce the energy functional
D(t) = Eo(t) + agvtEq(t) + BovtEi(t) + yovt3Ea(t),
where ag, o, yo are suitable positive constants and

Eo(t) = llw(t)I?, Ei(t) = |ayw()2 Ex(t) = llw(t)IP = IBa()IZ,
&1(t) = Re(d,w(t), iCw(t))., C=-[dy, B,

with new inner product (u, w). = (u,w — (% — 95)~'w).

Remark. Anindependent proof (Ibrahim-Maekawa-Masmoudi, Ann PDE 2019);
Compactness and resolvent method for general monotone flows(Chen-
Wei-Zhang, preprint).
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Chapman toy model

Consider a toy model introduced by Chapman(Jrm 2002):

dy +epr = ¢,

dj +epr -1 =0,
j;z + 02 = P1h2,
dj:z +6¢hp — 1 = 0.

@ In physics, ¢1: streamwise vorticity, ¢1: streamwise streak,
(12, P2): oblique modes.

@ Enhanced dissipation: 0 < ¢ < 6 < 1(Couette flow 6 = e%).
@ ¢4 undergoes a transient growth due to lift-up term ¢4:

lp1(t) ste™t<e? for t<e.
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Chapman toy model: scaling analysis

We introduce the following scaling:

t=el, 1 =021, Y1 =€y, P2=edPa, o2 =edo.

The rescaled toy system takes as follows

W=

d;? +¢1 -9 =0,
g j}z = d1¢2,
TR
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Chapman toy model: secondary instability

We rewrite the system of oblique modes as follows

oS )-E 50
(PQ € 1 -1 (PZ )
Secondary instability of oblique modes:

o if q31 > 1, the system has an unstable eigenvalue.
o if @)1 < 1, the system is stable and the oblique modes will
rapidly decay to zero due to 2 > 1.

This scaling analysis indicates that the transition amplitude of
this toy model is €5°.
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Chapman toy model: transition route

Transition route: Streamwise vorticity— Streamwise streak— Sec-
ondary instability of oblique modes.

streamwise vorticity

Py ~ e6?
Jxa‘1 (lift up)
2 -1
(fg nTirfear streamwise streak
~ 52
interaction) ¢1~0
P1 < 62/ \q51 > 62
| | obique modes secondary instability
Yo ~ e6?, o ~ €0 of obique modes
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Perturbation NS system

We introduce the perturbation around Couette flow (y,0,0):
v=(y,0,0)+u Vxv=(0,0-1)+ w.
Consider the coupled system of (Au?, w?):

Ot(AUP) — vA2U2 + Yo AU? = Fy,
d1w? — vAW? + yoxw® + d,U° = Fp,
WA(t,x, +1,2) = dyuP(t, x, +1,2) = w?(x,+1,2) = 0,
where
Fi=—(%+d3)(u-VuP) + (9y[(9x(u -Vu') + 9, (u- Vu3)],
Fo = —d,(u-Vu') + dx(u- Vud).
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Perturbation NS system

Let k? = a® + 2. Then (ugﬁ, w?,) satisfies

B
(91 + fay +v(=08 + K3))(~08 + K22, = FLP,
(8t + iay + 1/(—8?, + kz))a)iﬁ + iﬁuiﬁ - Fg’ﬁ,

When k # 0, nonlinear terms Ffﬁ and Fgﬁ behave as

2 2 2.2 2.2 2 2 2 2

Ffﬁ N{(“ Uy + UyUyy) + (@°Uyy + Uwyy, + Uywy)
292, 22 22

+ (Uuy + w a)y—i—Ua))}aﬁ,

ap 2 2 2, 2 2 2 2 2
F2 ~(a) w® + UUy, + U ) + Uy )aﬁ.

For Ffﬁ, the middle part is the worst nonlinear interaction.
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Secondary instability of wall mode

Consider the linearized NS system

(01 + iy + v(=05 + k?))(=05 + k®)uZ, = O,
(e + iy +v(=3% + k?))w2, + iBUZ; = 0.

Seek the solution uzﬁ = gTladty, a)zﬁ = e7*Mp. Then (v,n)

solves the following eigenvalue system(R = v~ 1):

i~ Y& ~ KW+ (3~ K2y =0,

. 1 iB
—i(A - - — (2 - K? —v=0.

(A =y)n— g0y = k5 +—
Question: how large the perturbation induced by nonlinear interac-
tions could excite unstable eigenvalues?
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Secondary instability of wall mode

Following Chapman’s asymptotic analysis, we consider a class

of eigenvalues with imaginary part of order (aR)‘:ls. This class

is called wall modes, whose eigenfunctions are localized in a
. 1

region of order (a¢R)~3 near the boundary.

To excite unstable eigenvalues, we introduce a perturbation F

into the eigenvalue equation of v:

l(aﬁ - k?)?2v=F.

(A= y)(@ - K*)v + 5=

For wall modes, in the inner layer, we have

, 1
i(A—y) (95— K?)v + R—a(ai — k?)2v

(XN

~ (@R)"3(aR)3v + (Ra)'(Ra)3v ~ (aR)3v.
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Secondary instability of wall mode

The worst nonlinear interaction:

winy
I
N

F ~fqvy ~f(aR)3v, @~ Wag-

To excite unstable eigenvalues, F should have the same scale
as the left hand side. So, 7] should be of order (aR)‘% in the
inner layer, which requires 7 ~ O(1) in the outer layer due to
dyil ~ f1and j(-1) = 0.

On the other hand, due to the lift-up effect, we have

RV ~ij=0(1)=v~RT"

This scaling analysis suggests that the transition threshold g = 1
for the Couette flow.
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Transition threshold for 3-D Couette flow

Theorem.(Chen-Wei-Zhang, Mem AMS in press)

There exist constants ¢, C > 0 independent of v so that if
[|uoll2 < cov, then it holds

1. Uniform bounds of streamwise modes:

1T (Dl + 1T (Dl < Cv=" min(vt + 123, 61| 1uoll e,
T2 (1)l + 1T3 ()l + 11T, T) (1)l < Ce™!|uollpe-

2. Uniform bounds of oblique modes:

119, 02)Fx U (D)l 2 + v 8I(uL, u2) (D)l < Ce™"*upllpse,

(9%, 92) Vi y 22 (D]l 2 + LA (D)llLe < Ce~®""*!juplle.

Here u= | udx and ux = u-u.
T
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Key ingredients(l): space-time estimates

To control Au? and w?, we need to consider the linearized NS
system with Navier-slip boundary condition:

(1)

dw —v(d5 — kK*)w + iayw = iafy + dyfa + ipfs,
wly=+1 =0, wlt=0 = win,

and with non-slip boundary condition:

drw —v(d5 — k®)w + iayw = iafy + dyfa + iffs,
(8)2/ — kz)go = w, ay@ly:i‘l = (P|y:i1 = O/ (2)

wlt=0 = win.
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Key ingredients(l): space-time estimates

For the linearized system (2), we prove that

e 1@y, K)gllore + v il ore + lakIElle® (3, K)pl o,
R 16 0 wll a2 + vEIKIE el 20
< C(IKI™ 19yl + lwill2) + Cv-Hle® (1, B, t)l 2.
Remarks.
@ The rapid decay eavé’ is due to enhanced dissipation.
° |ak|%||ea"%t(8y,k)(p||Lsz is due to inviscid damping.

1
@ The loss v# in front of [|e"*tw|| «,2 is due to the boundary
layer effect.

@ The proof is based on resolvent estimate method developed
in [Chen-Li-Wei-Zhang, ARAM 2020].
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Key ingredients(ll): exclude secondary instability

Consider the linearized NS system around the flow (V(y, 2),0, O),
which is a small perturbation of Couette flow, i.e.,

||V—Y||H4 < €0, V(yrz)_y|y=i1 :O/
with ¢ small enough but independent of v. We denote
At = P(vAu = Vaxu - (9, V(1 + xi?),0,0)),

here IP is the Leray projection and x = d,V/d, V. The linearized
NS system takes

atU:/; _AV,VU#Z == F

The key point is to exclude the existence of unstable eigenval-
ues of A, y.
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Key ingredients(ll): exclude secondary instability

Motived by [wei-zhang, cPAM 2021], the key idea is to introduce W =
u? 4+ xu® and U = u®. The problem is reduced to solving the
following OS system:

G (AK)U 2vVk - VU,
—vAU + ia(V(y,2) = \)U + d,p"" = Go,
Apt' = —2iad, VW, W=9,W=U=0 ony==+1,
where A € R. It holds that
V3 (I02UI2; + 19x(9z = 9y )UIZ,) + v(IVOZUIR, + IIVax (92 - xdy)UIZ.)
V3O VWIZ, + vlIoxAWIZ, + v 10 AUIE,
< Cv ' (IVG1IZ. + 10xGall2. ).
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Key ingredients(lll): energy functional

(1) Energy functional of streamwise modes.
A key decomposition: T' = T'"° + 7" with
(91 —vA) T + TP + TR0, u'° + 20,0 = 0,
(9 —vA)T"* + TPIy U™ + 120,U"* + Uy - VUl = 0,
0" *ly—s1 =0,
0= =0, &"*l=o =0'(0).

The main reason making this decomposition is to avoid estimat-
ing high order derivatives of oblique modes.
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Key ingredients(lll): energy functional

The energy E; of ' is defined by

- ~1)19.751,0 -3119.71,0
Er =10 lloope + v 10:0 Ol oz + v7210:T

— — 1 —
v 2T e + VEIVT 1),

L2H3

The energy E of (T2, i) is defined by

Ep =IATP |l w2 + VEIVAT| 202 + VEIIATP 212 + v 2|0 VTPl 212
FIVEBllorz + VENAT ez + VEIVEllerz + v 10T 2,2
+ I min((v8 + vt)2,1 = y2) AT 2
+ 72| min((vE +vt)2,1 = y2)VO, B3| wr2
+ vz min((vE + vt)Z,1 = y2)VAD| 2 .2.

The estimates of Eq, E» are based on direct energy estimate for
the system of streamwise modes.
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Key ingredients(lll): energy functional

(2) Energy functional of oblique modes(semilinear part):
Ez = E3o + E3,
where
Eso :v‘zne?ev%f(ax, d7)AUZ| 22 + v%||62€V%tVAu§||LzL2
+ ||92€V%’(8X, 92)VU2 |l wr2 + ||62€V%I8XVU§||L2L2
1623102 1 92)iRl ez + VIR + B)VLR e,
Eo1 =3 (1627 Va2l wpo + v} 116 B 212).

The estimate of E3 is based on space-time estimates for the
linearized NS system (1) and (2).
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Key ingredients(lll): energy functional

(3) Energy functional of oblique modes(quasilinear part):
gy
1/3 1/3
Ey = v'/8)|e% 1212 | 2,2 + v1/8)1€3 192 LB | 2 2.

This part is crucial to control nonlinear interactions with lift-up
effect such as U'9xU/, and u,9;u'(j = 2, 3):

&2 T 9| s (v) 2 M axud,| s €3 9|

The estimate of E4 is based on space-time estimates for the
coupled system of (U, W).

In conclusion:

Ei ~ 0(1), E> ~ O(V), E3 ~ O(V), E4 ~ O(V).
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Open problems

@ Plane Couette flow in R x [-1,1] X T: conjecture: < 1.

@ Plane Poiseuille flow in T x [-1,1] X T: conjecture: =

Nl Njw

@ Kolmogorov flow in T2 x T X T, 6 < 1: conjecture: =
Known result g < %(Li-Wei-Zhang, CPAM 2020).
@ Pipe Poiseuille flow:

o Experiment result(Hof-Juel-Mullin, PRL 2004): B = 1;
o Numerical result(Meliibovskya-Meseguer, Phys Fluids 2007): f = 1;
e Asymptotic analysis result: g = 1.

Conjecture: g = 1.

@ Other physical system such as Boussinesq system, MHD,
Compressible NS etc.
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Thanks a lot for your attention!
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