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Turán’s problem

For a graph F and n P N set

expn, F q “ max
␣

epGq : |V pGq| “ n and G is F -free
(

and

πpF q “ lim
nÑ8

expn, F q
`n

2
˘ .

Theorem (Mantel, Turán, Erdős, Stone, Simonovits)
For every graph F (with at least one edge) we have

πpF q “
χpF q ´ 2
χpF q ´ 1 .

set of possible Turán-densities Π “
␣

0, 1
2 , 2

3 , 3
4 , . . . , t´2

t´1 , . . .
(
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Hypergraphs

Uniform hypergraphs
H “ pV , E q where V is finite and E Ď V pkq “ tX Ď V : |X | “ ku

V
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Turán-type problems for hypergraphs

Basic definitions easily extend:

expn, F q “ max
␣

epHq : |V pHq| “ n and H is F -free
(

and
πpF q “ lim

nÑ8

expn, F q
`n

k
˘

Erdős 1964: πpF q “ 0 ðñ F is k-partite k-uniform

only few results are known

Example: de Caen & Füredi 2000
πpFanoq “ 3

4 Füredi & Simonovits 2005
Keevash & Sudakov 2005
Reiher & Bellmann 2019
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Prominent open problems

K p3q´

4

2{7 “ 0.285714 ď πpK p3q´

4 q ď 0.2871

K p3q

4

5{9 “ 0.5 ď πpK p3q

4 q ď 0.5615
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Uniformly dense hypergraphs

since Turán-problems for hypergraphs are hard, we restrict to the class
of uniformly dense hypergraphs, i.e.,

exu.d.pn, F q “ max
␣

epHq : |V pHq| “ n , H is F -free ,

and H is “uniformly dense”
(

and
πu.d.pF q “ lim sup

nÝÑ8

exu.d.pn, F q
`n

k
˘

by definition πu.d.pF q ď πpF q for every F
we shall consider different notions of uniformly dense hypergraphs
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Uniformly dense graphs

Definition
A graph G “ pV , E q is pε, pq-bidense, if

eGpU, W q ě p |U| |W | ´ ε |V |2

for all subsets U, W Ď V .

We may consider:

πu.d.pF q “ sup
␣

p P r0, 1s : forall ε ą 0 and n P N there is an
F -free, pε, pq-bidense graph G with |V pGq| ě n

(

However:
πu.d.pF q “ 0 for every graph F
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Weakly dense hypergraphs

Definition
A 3-uniform hypergraph H “ pV , E q is weakly pε, pq-dense, if for all sets X ,
Y , Z Ď V we have

eHpX , Y , Z q ě p |X | |Y | |Z | ´ ε |V |3 .

H

Z Y

X
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Weakly dense hypergraphs

Definition
A 3-uniform hypergraph H “ pV , E q is weakly pε, pq-dense, if for all sets X ,
Y , Z Ď V we have

eHpX , Y , Z q ě p |X | |Y | |Z | ´ ε |V |3 .

Consider: The “largest density” p such that for every ε ą 0 there exists a
weakly pε, pq-dense hypergraph H that contains no copy of F .
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The three dots in the subscript of π stand symbolically for the
possible witness sets X , Y , and Z .
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Examples of weakly dense hypergraphs

Random tournament construction Erdős & Hajnal 1972
let T “ pV , Aq be a random tournament on n vertices
(orientation of the edges of the complete graph)

ñ cyclically oriented triangles appear with probability 1{4
let HT “ pV , E q with E corresponding to those triangles

ñ for all ε ą 0 w.h.p. HT

 ó

π pK p3q´

4 q ě 1{4

Erdős & Sós 1982 conjectured π pK p3q´

4 q “ 1{4
proved by Glebov, Král & Volec 2016
Link graphs in the example are bipartite and not uniformly dense itself !
Open problem (Erdős): Density ą 1{4 guarantees some non-bipartite link ?
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Examples of weakly dense hypergraphs cont’d

Weakly dense hypergraph without K p3q

4 Rödl 1986

let V “ rns and consider a random colouring φ : rnsp2q ÝÑ tred, blueu

let Hφ “ pV , E q with ti ă j ă ku P E ðñ φpijq ‰ φpikq

ñ the right link of every vertex is bipartite
ñ for all ε ą 0 w.h.p. Hφ

 

ó

π pK p3q

4 q ě 1{2

These examples led to the more technical notions in the hypergraph
regularity projects of Gowers and Rödl et al.
Hypergraph regularity method turned out to be a useful tool for
addressing extremal problems for uniformly dense hypergraphs
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Szemerédi’s regularity lemma

Regularity Lemma (informal version)

Every large graph G can be decomposed into “relatively few,” mostly
random-like (uniform edge distribution) bipartite subgraphs.

G
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Regularity for 3-uniform hypergraphs

V Setup:
‚ given graph G “ pV , EGq

‚ K3pGq “ set of triangles in G
‚ 3-uniform hypergraph H “ pV , EHq

Density with respect to G:

dpH | Gq “
|EH X K3pGq|

|K3pGq|

where dpH | Gq “ 0 if G is triangle-free.

Definition (H is ε-regular with respect to G)
For all subgraphs G 1 Ď G with |K3pG 1q| ě ε|K3pGq| we have

ˇ

ˇdpH | Gq ´ dpH | G 1q
ˇ

ˇ ă ε .

Hypergraph regularity lemma provides partition G1 Ÿ . . . Ÿ Gℓ of V p2q

so that H is ε-regular w.r.t. most triads Gi Ÿ Gj Ÿ Gk
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so that H is ε-regular w.r.t. most triads Gi Ÿ Gj Ÿ Gk
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so that H is ε-regular w.r.t. most triads Gi Ÿ Gj Ÿ Gk
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so that H is ε-regular w.r.t. most triads Gi Ÿ Gj Ÿ Gk
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Results and problems for weakly dense hypergraphs

Results
Mubayi & Rödl ’06: examples of F with π pF q ă πpF q

Glebov, Král & Volec ’16 / Reiher, Rödl & Sch. ’18: π pK p3q´

4 q “ 1{4

Reiher, Rödl & Sch. ’18: characterisation for F with π pF q “ 0
Garbe, Král & Lamaison ’21`: 1/27 is the smallest nonzero value
Bucić, Cooper, Král, Mohr & Munhá Correia ’21`:

π pCℓq for tight cycles ℓ ě 5
Balogh, Clemen & Lidický ’21`: π pK p3q

4 q ă 5{9 ď πpK p3q

4 q

Open problems

Do we have π pK p3q

4 q “ 1{2?
More generally: Is π pK p3q

t q “ t´3
t´2 for all t ě 4?

Do we have π pF q ă πpF q, whenever πpF q ą 0?
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Strengthening the denseness assumption
weakly dense ðñ density induced on large vertex sets X , Y , Z

-dense ùñ weakly dense (by setting P “ Y ˆ Z )
-dense ðñ “localised pair-degree” ðñ “min-degree in reduced hypergraph”

for this notion with Reiher and Rödl ’16 we could show π pK p3q

4 q “ 1{2
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Strengthening the denseness assumption
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Hypergraphs with uniformly dense links

Definition
A hypergraph H “ pV , E q is pε, p, q-dense, if all but at most ε|V | vertices
have an pε, pq-bidense link graph.

“ðñ” density condition on pP, Qq-cherries for every P, Q Ď V 2

“ðñ” minimum codegree condition in the reduced hypergraph

Theorem (Reiher, Rödl & Sch. ’18)
1 For every t ě 2 we have

π pK p3q

2t q ď
t ´ 2
t ´ 1 ,

which is tight for t “ 2, 3, 4.

2 0 “ π pK p3q

4 q

ă 1
3 ď π pK p3q

5 q ď π pK p3q

6 q “ π pK p3q

7 q “ π pK p3q

8 q “ 1
2

1
2 ď π pK p3q

9 q ď π pK p3q

10 q ď π pK p3q

11 q “ ¨ ¨ ¨ “ π pK p3q

16 q “ 2
3
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New result

1
3 ď π pK p3q

5 q ď
1
2

Lower bound for K p3q

5 :
random φ : V p2q ÝÑ Z{3Z
xyz P E ðñ φpxyq ` φpxzq ` φpyzq ” 1

Theorem (Berger, Piga, Reiher, Rödl & Sch. ’22`)

π pK p3q

5 q “
1
3

Remarks:
proof is based on hypergraph regularity method
analysis of the structure of “holes” in an alleged counterexample
Open problems: determine π pK p3q

9 q and π pK p3q

10 q
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Thank you very much for your attention
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